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ABSTRACT 
The solvable Lie algebras of dimension not greater than four over a perfect field 
of reference are described in terms of their nilpotent frame, counted over finite fields 
of 9 elements, and classified over the real and complex number fields. The number 
d y,n of nonisomorphic solvable Lie algebras of dimension n over IF,, roughly speaking 
grows as a polynomial in tl with q”-’ as highest term. But there are smaller 
additional terms depending on the residue class of 9 modulo (n - l)! if n < 4. 
1. INTRODUCTION 
Recently the authors developed a new algorithm for the classification of 
solvable Lie algebras of dimension less than or equal to a natural number n 
over a perfect field of reference IF which are derived from a given list N,(F) 
of the classes of isomorphic nilpotent Lie algebras of dimension < n over 5 
by the use of nilpotent frames [l]. I. Kaplansky suggested carrying out the 
classification task for n = 4. We establish a parametric list if IF is the complex 
number field C or the real number field R. If IF is the Galois field Fq of q 
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elements, then we determine the number d, m of nonisomorphic solvable 
Lie algebras of dimension m over [F for m < 4: In the general case we take 
up the suggestion of V. Weispfenning to describe a system S&IF) of solvable 
Lie algebras of dimension Q 4 over [F comprising all possible isomorphy 
classes in terms of computable invariants together with an algorithm which 
estabhshes the required invariants for any solvable Lie algebra I,, of 
dimension < 4 over ff, which determines a member L, of S,([F) with the 
same invariants, and exhibits an isomorphism of L, on L, over IF. For this 
purpose we assume that [F is a constructive field. Moreover, it turns out [2, 31 
that for dimensions < 4 we must know the solvability of the equations 
(la> 
in case the characteristic k = char@) of [F is not 2 or 3. In case k = 2 the 
equations 
have to be decided constructively for any given CY of [F. It is well known that 
the constructive decidability of (la) and (lb) 1s not trivially satisfied [4]. For 
k = 3 no condition similar to (lb) is required. 
The list N,(IF) consists of four abelian Lie algebras I,,,, of dimension 
12 < 4 and the following three multiplication tables: 
,: 
; 
L 
L 4.3 
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2. TWO DIMENSIONAL NONNILPOTENT SOLVABLE 
LIE ALGEBRAS 
It was shown in [l] that there is only one solvable nonnilpotent Lie 
algebra of dimension 2 over IF: 
+-fy-+ 
L 
2.2 
It has L,,, as its nilpotent frame. 
(2) 
(3) 
3. 
For any prime power q we have 
d,,, = I, 
d,,, = 2. 
THREE DIMENSIONAL NONNILPOTENT SOLVABLE 
LIE ALGEBRAS 
All [F-derivations of L, 2 are inner; therefore there is no Lie algebra of 
dimension 3 with L,,, as derived algebra. The derivation algebra of any 
solvable Lie algebra of dimension 3 is abelian. 
We determine those nonnilpotent solvable Lie algebras which have the 
abelian Lie algebra L,,, nilpotent frame guided by the behavior of the 
diagonable adjoint action on the derived algebra D(L) over any field of 
reference. Apart from the algebraically decomposable Lie algebra 
we have always dim D(L) = 2 and 
LI[L,D(L)] = D(L) IO= P(L). (44 
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Moreover, we choose the first basis element according to 
a,EL\D(L). (4b) 
We can multiply a, by a nonzero factor so that the trace of the adjoint action 
restricted to D(L) is either 0 or 1. This standardization leads to simplification 
of the Mubarakzyanov classification [S, 61 over R, and it is most appropriate 
in terms of the Artin-Schreier theory over fields of characteristic of 2. The 
choice of the basis u2. a3 of D(L) is guided by the consideration that the 
matrix of ad(u,) restricted to D(L) turns into the companion matrix of the 
characteristic polynomial in the case of nonvanishing discriminant, or more 
generally, into the standard rational normal form. In this way maximal 
economy is achieved. 
The following three classes of solvable Lie algebras are obtained: 
(5) 
(6) 
L3.5 
char@) + 2, CY + 0, 
a1 a2 a3 
a1 0 a3 a3 - au2 
a2 - a3 0 0 
a3 - u3 + ffa2 0 0 
L 
1-4a+36q aZ0. 
(7) 
The classes L, 5 and L, 6 are parametric. For L, 6 the parameter (Y is in 
one-to-one correspondence ‘with the isomorphy class: But for L3,, a change 
of a, to Au, with A z 0 is permissible, which brings about the isomorphy of 
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two classes represented by parameters (Y and CY’ if and only if (Y’cx-’ is a 
nonzero square element of [F. 
Suppose an indecomposable Lie algebra L with L,,, as nilpotent frame is 
given. How does one find its isomorphic equivalent among L,,,, L,,,, L, s? 
We know that (4a) holds; we choose an element a, of L not contained ‘in 
D(L). By assumption its adjoint action on D(L) is diagonable. If its trace is 
not zero, then a, is replaced by the product with the inverse of the trace. 
Without loss of generality we assume that the trace of the adjoint action of a, 
on D(L) is 0 or 1. If ad(a i)l D(L) = A I, with A # 0, I, the identity matrix, 
then upon replacing a, by h -‘a, and choosing any two basis elements us, us 
of D(L), we have L,,,. Otherwise, we determine us of D(L) such that it is 
linearly independent of a = [a,, us]. Then we obtain one of the multiplication 
tables L,,, or L,,,. 
Let us now consider the solvable Lie algebras with L,,, as nilpotent 
frame. We would like to apply the algorithm given at the end of [l]. In order 
to do so we must remark that the algorithm applies with little change, on 
replacing “diagonal” by “diagonable,” to all fields of reference. The resulting 
solvable Lie algebras are those which have nilpotent derived algebras. 
We begin with the statement that 
der,( L,.,) = gl(2, IF) @ ff d,@ IFd, 
m4 = a3> &(a,) = 0, d,(a,) = 0, d,(a,) = a3> 
dB(%) = PllUl$- P2lU2, 43b,) = Pl2% + P22a2, d&a31 = (trB)a3 
B=(Pik) Eg1(2,F)1’ (8) 
The automorphism group of L,,, over IF is the direct product 
Aut,( I,,.,) = GL(2,F) x IF lx2 
[A@,) = ~llul+ alzuz, A(a,) = azlal+ ~22~27 A( us) = (det A)u,; 
A=(Q) EGL(2,F); 
(A,,& )(a,) = a, + ha,> ( A,, A, )(a,) = a2 + A,u,; 
(A,,A,) E F1X2]. (9) 
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The Cartan subalgebras h of der,(L,,,) are Aut,(L,,,)-conjugates of 
where 5 is formed by the d,‘s with B in a Cartan subalgebra of g1(2,9>. The 
Cartan subalgebras of gl(2,O are represented up to gl(2, iF> -conjugacy by the 
diagonal algebra 
D(2, E) = Fe,, + iFeZ, (10) 
and by the quadratic subfields of [FZx2 in the standard regular representation. 
We must form the semisimple part of ~cBF~,cB[F~,, which is simply 6. 
The dimension restriction for the subalgebra X of 6 restricts X to the 
subalgebras [Fe,,,[Fe,, of ?J = 0(2,[F). The two subalgebras are equivalent 
under Autr(L,,,). Following the algorithm, we obtain only one solvable 
nonnilpotent Lie algebra with La,, as nilpotent frame: 
An [F-Lie algebra L isomorphic to L,, is characterized by the properties 
dimr D(L) = 2, (lla) 
D2( L) = 0 (lib) 
and the existence of an element a, of L for which 
[ad,(a,) - L~]‘D(L) C[ad,(ot) - 1,] D(L). (llc) 
This implies that 
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Upon counting the number of nonisomorphic solvable Lie algebras of 
dimension 3 over lFq we find 
(1 
9 +5 if char(F) + 2, 
9.3 = 9 +4 if char(E) = 2. 
(12) 
In detail, for k z 2 one has one algebra of each of the types La, 1 - 
L 7L3 7’ two algebras of type L, 5, and 9 - 2 algebras of type L, 6. For 
k ‘=“2 there is one algebra of each’of the types L,., - L,,,, L,,, and 9 - 1 
algebras of type La,. 
4. SOLVABLE NONNILPOTENT LIE ALGEBRAS OF 
DIMENSION FOUR 
It is possible that a Lie algebra L of dimension 4 has a derived algebra 
which is solvable, but not nilpotent? The generic reason why at characteristic 
0 the derived algebra of a finite dimensional solvable Lie algebra L is 
nilpotent follows from the generalized theorem of Lie stating that any 
irreducible finite degree representation of L has D(L) in its kernel. There- 
fore, for any chief series D(L) = L, 2 L, 3 . . . 1 L,” 2 L,, 1 = 0 of L acting 
via the adjoint representation on D(L), we have [D(L), Li] c Li+l (0 < i < 
m), so that the L-chief series turns into a D(L)-central series and D(L) is 
nilpotent. At characteristic p > 0 there are irreducible finite degree repre- 
sentations A of every nonzero solvable Lie algebra which do not have D(L) 
in their kernel, but then the degree of A must be divisible by p and the 
dimension of the Lie algebra A(L) is at least p + 1 (see the argument given 
in [8]). Hence the F-dimension of L is at least p + 1 + p = 2p + 1> 4. Any 
solvable Lie algebra of dimension < 4 over [F has nilpotent derived algebra. 
For the case of dimension 5 see the last section. 
First of all there are the algebraically decomposable Lie algebras: 
L 1,.l = L,.,@Ll,,@L2,2~ 
L 4,5 = L,,,@k3,4, 
L 4,6 = L,,,@L,,,, 
L 4.7 = L,,,@L,,,, 
L 4,s = &.,2@b2,2 
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with L,,, as nilpotent frame, as well as 
L 4.9 = Ll,l@k3,7 
with L, 2 as nilpotent frame. For any given solvable Lie algebra a criterion of 
algebraic decomposability and a decomposition algorithm are given in [7]. 
Secondly let us discuss the algebraically indecomposable Lie algebras L 
of dimension 4 over [F with L, 1 as nilpotent frame. We use the notation of 
the algorithm developed at the’end of [l]. 
If the diagonable derivation algebra X of L,,, used by the algorithm is of 
[F-dimension 1, then we know that 
OcX(L)cYcL, (134 
dim,Y = 3, L=Y+Fa,, (13b) 
[LJIGY, [Y,Y] = 0. (I3c) 
The algebraic indecomposability of L is equivalent to 
[qJl= Y; (134 
the linear transformation u = ad,( a,)]Y is diagonable nonsingular and 
uniquely determined by L up to a scalar factor + 0. If u is totally 
degenerate, 
a=hl, (O#AEff), 
the we replace a, by h - ‘a,, so that we obtain 
I; 
L 4. IO 
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If u is degenerate, but not totally degenerate, then the eigenvalues of CT 
can be standardized to I,I,a with 
0,l # a E F, ( 13e) 
so that we obtain 
> 
L 4,ll 
0,l + a E IF. 
Finally, there remains the case 
Xad@) = f = t3 - a,t2 + a,t - cl3 E F[ t], (130 
0 # ag E lF. (13h) 
If (Y, f 0, then after suitable scalar modification of a, and If-basis choice of Y 
we obtain the two-parameter rational normal form 
-i 
L 4.12 
~1=1,cu,~IF,O#(Y,E[F,d(f)#o. 
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If (or = 0, CQ # 0, then after suitable scalar modification of a, and If-basis 
choice of Y we obtain the one-parameter rational normal form 
a2 a3 a4 
a1 0 a3 a3a2 - a2u3 + a4 
a2 - a3 0 “0” 0 
a3 - a4 0 0 0 
a4 -cxa,a2+ff2a,-ua, 0 0 0 
L 4,12 
cu,=1,(Y2E[F,0#(YgE[F,d(f)#0. 
If crl = 0, cx2 # 0, then after suitable scalar modification of a, and [F-basis 
choice of Y we obtain the one-parameter rational normal form 
i: 
L 4,13 
0 # a E F, d(t3 - cut + a) # 0. 
Finally, if (Ye = ~ys = 0 then we obtain the one-parameter rational normal 
form 
L4,14 
char([f)#&O+(yE[F. 
The characteristic polynomial of ad(a,l/D(Ll is t3 - (Y. It changes to 
t3 - h3a upon replacement of a, by Au, (0 # A E El, meaning that the 
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nonzero parameter (Y is unique modulo the group (IF \O)3 formed by the 
nonzero cubes of IF. 
If the diagonable derivation algebra X of La, is of F-dimension > 1, then 
it follows from the dimension restriction that dim, X = 2, X(L) = Y, and that 
either X = [Fe,, + Fe,, and L is algebraically decomposable of the type L,,, 
or else X is a parametric subfield of Cf,k_lFeik = ff 2x2 and 
~ 
4, 
l-4(YE[F\ff2’ifchar([f)#2, 
(Y E F \ Q ,(D if char(F) = 2. 
The notation L>,s was chosen to point to the fact that L& becomes 
isomorphic to L,,, after suitable extension of the field of reference. 
Now let us determine the algebraically indecomposable nonnilpotent Lie 
algebras L over IF with L, 2 or L, 3 , as nilpotent frame. Note that the 
dimension of the derived algebra is 2 in both cases. Due to the restriction 
(29) of [l], we know that 
where 1* is either L, 2 or L,,,; therefore dim X = 1. The codimension of 
the nilpotent ideal Y ok L is one; hence dimIF Y = 3, L = Y + Fa,. Either 
Y = L,,, or Y = L,,,. 
If Y is abelian, then the Lie action of a, on Y is nondiagonable. Let 
f = t3 - a,t2 + a,t - a3 
be the characteristic polynomial of ad,(a,)/Y. If (Ye = 0, then upon a suitable 
choice of basis for Y and scalar modification of a, we have 
, 
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leading to 
5 
L 4, 15 
L* = L, *. 
Or we have cxl z 0, and after suitable scalar modification 
leading to 
] 
L 4,16 
OZaEF, l-2cY#O, L*=L,,$ 
Or we have cxl f 0, and after suitable scalar modification 
leading to 
/ 
L 4,17 
a=O,l, L*=Lq3. 
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If Y = L,,,, then al can be modified by multiplication with a nonzero 
scalar or by addition of any element of Y. Requiring algebraic indecompos- 
ability, we obtain 
Y=Fa,+lFa,+~a*, [u,,u,]=u,, [~,,~,l=[~,,cJ=O 
and either [a,, uz] = u2, [al, us] = us, leading to 
* 
L 4.18 
L* = L,,,, 
or [a,, ua] = us, [a,, us] = ouZ, leading to 
L 4.19 
char@) z 2, (Y z o, L* = L,,,, 
or [a,, ua] = us, [a,, us] = - cxuZ + us, leading to 
3 
L 4.20 
l -4ct # 0, L* = L,.,. 
There appears to be also the possibility that 
[a,,a,l= U3’ [a,, a33 = aa2 + U3’ char(F) = 2, 
but the Lie algebra obtained in this way happens to be isomorphic to L,,,,. 
The classification is summarized in Table 1. 
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Roughly speaking d,,, b e h aves as an integer valued polynomial in q. But 
its coefficients depend on the residue class to which q belongs modulo 6: 
I 
0 if q=l, 
-1 if q=--1, 
d,,, = q2 + 3q + 12 + Eg,d, Eq,4 = -3 if q=2, 
-2 if q=-2, 
-2 if q-3. 
5. ADDITIONAL COMMENTS 
The case n = 4 is borderline. For n > 4 and 2k + 1~ n there will always 
be solvable Lie algebras of dimension n over [F with a nonnilpotent derived 
algebra, a phenomenon we do not have for n < 4. Indeed, for n = 5 there is 
the unique example of the Lie algebra L = sl(2, [F)@ L,,, [char@) = 21 with 
natural interaction with nonnilpotent derived algebra. Worse is to follow as n 
gets larger, though the number of nonisomorphic types with nonnilpotent 
derived Lie algebra is always less than those with nilpotent derived algebra. 
Also it often occurs that there are two Cartan subalgebras of the same 
solvable nonnilpotent Lie algebra L that are not conjugate under the 
automorphism group Aut,(L) of L over [F. For n = 4 this happens only once, 
viz. for L = g1(2,[F) [char@) = 21, . m which case there are two types of Cartan 
subalgebras: Fe,, + IFe,, as well as the separable quadratic subfields of 
gl@, 0. 
The existence of nonconjugate Cartan subalgebras makes the classifica- 
tion task more cumbersome inasmuch as one to devise another algorithm for 
recognizing isomorphy. 
In any case the largest number of independent parameters is n -2, and 
that number is assumed only once, viz. for the solvable Lie algebras 
L = L-,,,@L,.I with L*= L, I. 
With some further effort it can be shown that the number of nonisomorphic 
solvable Lie algebras of dimension n over a field of q elements is of the 
order of magnitude of qne2. 
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